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Abstract: Direction of Arrival (DOA) estimation represents one of the key issues in the field of signal processing for
the present and future 5G and radar engineering applications. The problem of the inaccuracy of DOA estimation has
attracted considerable interest from academia. One of the advantageous common techniques that have been followed
to improve the accuracy of DOA is the Estimation of the Signal Parameters via the Rotational Invariance Technique
(ESPRIT) algorithm, albeit ESPRIT suffers from the challenge of estimation bias at short separation distances when
two sources are very close to each other. Hence, in this paper, a modified-ESPRIT algorithm is proposed to improve
the accuracy of the DOA. The modification of ESPRIT is presented by increasing the phase difference between the
received signals. The idea is to add a pre-processing before the frame of the ESPRIT algorithm; this is done by
introducing a double-balanced mixer and 90o signal splitter at the output of each antenna. The performance
evaluation shows that using only the ESPRIT algorithm exhibits large estimation bias when two sources are very
close to each other, while the performance is improved noticeably with the proposed modified-ESPRIT. It can detect
and resolve two sources with an enhancement of 83.09% over traditional ESPRIT when the number of snapshots is
very short, while an enhancement of 54.4% is achieved when source separation between (1 to 4) degrees and 77.8%
achieved when Signal to Noise Ratio (SNR) between 0-10 dB and of 79.04% when four or fewer elements are used.
The obtained results validate the performance efficiency of the proposed algorithm in terms of less Root Mean
Square Error (RMSE), and a smaller number of snapshots.
Keywords: ESPRIT, DOA estimation, Eigenvector method, Multiple signal classification, Principal component
analysis.

1. Introduction
All Direction-of-Arrival (DOA) estimation has
an important role in radar, sonar, mobile networks,
remote sensing, and other communication
applications [1, 2]. The Sensor-based technology
such as Lidar, vision, inertial measurement unit, and
sonar can only deliver local position estimation,
while in the signal-based technology like Wi-Fi and
cellular have no such limitations. Among the
different signal-based technologies, cellular LongTerm Evolution (LTE) signals appear to be very
attractive due to their geometric diversity,
abundance, and wide bandwidth [3, 4].
Several DOA estimators have been used,
including the Multiple Signal Classification
(MUSIC) [5] and the Estimation of the Signal

Parameters via the Rotational Invariance Technique
(ESPRIT) [6-8], algorithms which have been
commonly deployed in DOA estimation. ESPRIT
method is used for frequency and angle estimation
[6, 9]. The ESPRIT-based joint angle and frequency
estimation methods can maintain satisfactory
estimation performances, but require additional
pairing. The authors in [10] improve ESPRIT
algorithm to obtain accurate parameters in short
time window, while in [11] the improved ESPRIT
algorithm has been used which can estimate
efficiently the DOA of the coherent signals
Moreover, to reduce the computational complexity,
the enhanced ESPRIT, namely the unitary ESPRIT,
has been proposed in [12].
Likewise, the Eigenvector Method (EVM) has
been applied widely in adaptive signal processors.
The former techniques have attracted impressive
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enthusiasm from the academia and researchers since
they appear to give a basic way to deal with the
DOA estimation issue. It is worth stating that the
EVM is similar to MUSIC in producing the results
of the spatial spectrum, except that the beam
eigenvector is weighted by its eigenvalue [5].
However, the main challenge of the EVM and
MUSIC is the computation burden needed in
analysis of the full eigenvector and valuation of
spatial spectrums through all noise eigenvectors.
ESPRIT was developed to overcome the
computation burden, the prior information
requirement and the storage costs that have been
included in the MUSIC algorithm. ESPRIT uses a
signal subspace to estimate the arrival angles of
signals with an array geometry, which represents a
distinct advantage over the MUSIC algorithm. In
contrary to the ESPRIT algorithm, when the MUSIC
attempts to estimate arrival angels, it has to search
over the set of all possible arrival angles for
estimation. Due to the advantages of ESPRIT [13], it
has been used broadly in many practical applications,
such as radar on-chip and as multiple input multiple
output automotive radars [14]. The drawback that
has been found in the operation of the ESPRIT
algorithm is that the performance of DOA
estimation starts to degrade when the space between
the sources becomes smaller [15]. It is worth stating
that the subspace-based estimators often rely on the
statistical properties of the sampled data, thus large
numbers of snapshots are required for precision
estimation [16].
In this paper, a modified-ESPRIT algorithm is
proposed to overcome the problem of the traditional
ESPRIT algorithm.
The main contribution is represented by
increasing the phase difference between the received
signals to minimize the problem of estimation bias
at short separation distances in the classical ESPRIT
algorithm.
The rest of the paper is structured as follows; in
section 2 a detail description of the concept of DOA
along with the most common estimation algorithms
are illustrated. Section 3 demonstrates the proposed
modified-ESPRIT algorithm with its mathematical
derivation. Section 4 presents the performance
evaluation and discussion for the proposed
algorithm. Section 5 shows the conclusions.

2. Direction of arrival concepts
Several techniques have been used in directionfinding. The most common one is based on the
phase of the signal that progressively varies along its
path as shown in Fig. 1.
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Figure. 1 Phase variation of the plane wave

Figure. 2 Direction finding of the plane wave front of the
classical ESPRIT

To determine the direction of arrival from time
or phase differences by using two antenna- elements
[17, 18], direction finder antenna array which has to
consist of two or more elements that are physically
displaced from each other as shown in Fig. 2. [19].
The receivers, A and B as illustrated in Fig. 2
with omnidirectional antennas are arranged on a
known baseline which is assumed to be short for the
distance to the emitters. Hence, the transmission
paths to the two receivers can be considered parallel
and then the phase delay is expressed as follows:
𝜙=

2𝜋𝑑
𝑠𝑖𝑛 𝜃
𝜆

=

2𝜋𝑑𝑓
𝑠𝑖𝑛 𝜃
𝑐

(1)

where, d is the distance between antenna elements, 𝜆
is the wavelength, 𝑓 is the frequency, c is the speed
of light, and 𝜃 is the angle of arrival.
The phase front of a plane wave arrives at angle
𝜃 from normal line direction which must travel the
additional distance (d). Many studies have been
conducted to test the performance of the ESPRIT
[20, 21]. These studies have made a statistical
analysis of the subspace-based DOA in the presence
of noise with unknown covariance. In the next
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subsections, brief descriptions are demonstrated for
three common DOA estimation algorithms.
2.1 Principal components analysis method
Principal Component Analysis (PCA) has been
used to find the principal component of standardized
variables. It has been designed to decrease the
dimensionality of the information set comprising of
high number of interrelated variables in an
interpretable manner, whereas preserving as much
as conceivable the variability of the data [22, 23].
The mathematical representation of this method is
expressed in Eqs. (2) and (3) as follows:
𝑅𝑥𝑥 = 𝜎 2 𝐼 + ∑𝑘𝑖=1 𝜈𝑖 𝑒𝑖 𝑒𝑖𝐻
}

𝑥1
𝑥2
. = [𝐶(𝜃1 )
.
[𝑥𝑀 ]

𝐶(𝜃1 )

.

𝑆1
𝑊1
𝑊2
𝑆2
. 𝐶(𝜃𝑑 )] . + .
.
.
[𝑆𝑘 ] [𝑊𝑀 ]

(4)

or
𝑋 =𝐶𝑆+𝑊

(5)

The estimated covariance matrix from the collected
data is:
𝑅𝑥𝑥 = Ε[𝑋 𝑋 ∗ ]
Then,
̅ 𝑊
̅∗
𝑅𝑥𝑥 = 𝐶𝑆̅ 𝑆̅ ∗ 𝐶 ∗ + 𝑊

(6)

(2)

𝑜𝑟 𝑅𝑥𝑥 = 𝑅𝑤𝑤 + 𝑅𝑠𝑠
where, 𝑣 is the eigenvalues of 𝑅𝑥𝑥 , 𝑒𝑖 are the
associated eigenvectors of 𝑅𝑥𝑥 , 𝑅𝑥𝑥 is the total
covariance matrix, 𝑅𝑤𝑤 is the noise covariance
matrix, 𝑅𝑠𝑠 is the signal covariance matrix, and H
denotes as Hermitian. The k largest eigenvectors in
Eq.(2) are called signal subspace, and the (M-k)
eigenvector corresponding to the (M-k) smallest
eigenvalues they normally have the same value
called the noise subspace [24].
Now, it is possible to separate the two
covariance matrices mentioned above, the principal
component spectra are given by:
−1 𝐻
𝑃𝑃𝐶𝐴 (𝜃) = [𝐶(𝜃) 𝑅𝑠𝑠
𝐶 (𝜃)]−1
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(3)

where, C is a search vector.
The spectral estimate represented in Eq. (3) is
called the principal components method, since, it
uses the principal eigenvectors of the signal
subspace [25]. The term signal subspace arises from
the fact that this algorithm relies on separating the
space spanned by received data into what are called
signal and noise subspaces [26].

where, * denotes as conjugate, and E[ ] is the
expected values. In special case when W has zero
mean and variance of σ 2 then Eq. (6) becomes:
𝑅𝑥𝑥 = 𝐶𝑆̅ 𝑆̅ ∗ 𝐶 ∗ + 𝜎 2 𝐼

(7)

Now, the M eigenvectors of 𝑅𝑥𝑥 satisfy:
𝑅𝑥𝑥 𝑒𝑖 = 𝜎 2 𝐼𝑒𝑖

(8)

The eigenvectors associated with minimum
eigenvalues are orthogonal to the signal subspace, a
subspace spanned by column of C.
1
𝐻 𝐻
𝐸
𝑁 𝑁 𝐶 (𝜃)

𝑃𝑀𝑈𝑆𝐼𝐶 (𝜃) = 𝐶(𝜃)𝐸

(9)

where, 𝐸𝑁 = [𝑒𝑑+1 𝑒𝑑+2 𝑒𝑑+3 . . 𝑒𝑀 ]
Finally, it can find k (largest) peak of P to obtain
the DOA.
2.3 Eigenvector method
The authors in [27, 28] have developed an
approach to improve the DOA resolution by using
eigenvalue decomposition method. The inverse
covariance matrix can be obtained as:

2.2 MUSIC method
MUSIC algorithm was suggested by Schmidt [5]
to determine both theoretically and experimentally,
some of the important parameters of multiple
wavefronts arriving at an antenna array. The
parameters include direction of arrivals. The
wavefronts that have been received by M array
elements are linear combination of k incident wave
fronts and noise. Thus, MUSIC begins with the
following model:

𝐻
−1
𝑅 −1 = ∑𝑀
𝑖=1 𝜈 𝑒𝑖 𝑒𝑖

(10)

The maximum likelihood estimator equation can be
rewritten as a function of eigenvalues and
eigenvectors as follows to evaluate the spectral
beam of only the noise subspace as:
𝑃𝐸𝑉𝑀 (𝜃) =
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It is worth stating that the eigenvector method is
equivalent to MUSIC via assuming that all the noise
eigenvalues are equal, excepting that the eigenvector
beam are weighted through their eigenvalues. PCA,
on the other hand, has its disadvantage at highdimensional conditions when variables number is
equal or larger than the number of the observations;
it reveals inconsistent estimates leading to unreliable
conclusions [29]. In addition, ESPRIT outperforms
MUSIC algorithm in terms of computational
overhead since it can function without parameter
search and iterative calculation. As well as, MUSIC
is incapable of resolving two sources in various
instances compared to ESPRIT algorithm [30, 31].
However, one of challenges of ESPRIT algorithm is
the estimation bias at short separation distances for
sources that are very close to each other. Hence, to
improve the operation of ESPRIT algorithm, a
modification has been introduced to the classical
algorithm as clarified in the next sections.

3. The
proposed
algorithm

modified-ESPRIT

From the intensive study of the ESPRIT
algorithm, there will be a real inaccuracy in the
estimation of DOA particularly for small separation
angle between sources, where ESPRIT offers a large
amount of error. Therefore, this work is directed
toward improving the performance of ESPRIT. The
idea is to add a pre-processing before the frame of
the ESPRIT algorithm so that the basis of ESPRIT
foundation perceives no dramatic changes and the
benefits of ESPRIT still exist in the modified
algorithm. The theory related to this modification is
that the maximum separation for a total phase
change of no more than 2π (for unambiguous angle
measurement) is half the wavelength. Eq. (1) shows
the errors in the phase measurement are directly
proportional to the error in baseline distance d. To
gain the advantage of baselines longer than l/2,
(increase phase variation), it is possible to use
several baselines, with the shorter ones resolving the
angular ambiguities of longer lines. The total phase
difference between the signals from two antennas is
proportional to baseline distance. It is possible to
increase the phase difference so that baseline
appears to be multiplied in length. the proposed way
to do this is to introduce a double-balanced mixer
and 90o signal splitter at the output of each antenna
with an array of antennas be composed of two
sensors separated by distance d (measured in
wavelength), as shown in Fig. 3.
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Figure .3 Processing the output of antennas to increase
the phase variation of the modified ESPRIT

Fig. 3 demonstrates how the antenna output can
be processed to achieve a phase difference which is
larger than that due to angel of arrival and the
baseline. Referring to classical DOA (Fig. 2.), while
in the proposed one as shown in Fig. 3, the signals
received by sensors A and B are illustrated by:
𝑥𝐵 (𝑡) = 𝐴 𝑠𝑖𝑛 𝑤𝑡
𝑥𝐴 (𝑡) = 𝐴 sin(𝑤𝑡 +

(12)
2𝜋𝑑
sin 𝜃)
𝜆

(13)

Then the output of the unity gain phase splitter with
gain will be as follows:
𝑥𝐵1 (𝑡) = 𝐴 sin 𝑤𝑡

(14)
𝜋

𝑥𝐵2 (𝑡) = 𝐴 𝑠𝑖𝑛 (𝑤𝑡 + 2 ) = 𝐴 𝑐𝑜𝑠 𝑤𝑡
𝑥𝐴1 (𝑡) = 𝐴 𝑠𝑖𝑛(𝑤𝑡 +

2𝜋𝑑
𝑠𝑖𝑛 𝜃)
𝜆

2𝜋𝑑
𝜋
𝑠𝑖𝑛 𝜃 + )
𝜆
2
2𝜋𝑑
or 𝑥𝐴2 (𝑡) = 𝐴 𝑐𝑜𝑠(𝑤𝑡 + 𝜆 𝑠𝑖𝑛 𝜃)

(15)
(16)

𝑥𝐴2 (𝑡) = 𝐴 𝑠𝑖𝑛(𝑤𝑡 +

(17)

From Eqs. (14), (15), (16) and (17), the output of the
mixers in the two branches will be as presented in
Eqs. (18) and (19).
𝑌𝐵 (𝑡) = 𝑋𝐵1 (𝑡). 𝑋𝐵2 (𝑡) =

𝐴2 1
( sin 2𝑤𝑡)
2 2

(18)

𝑌𝐴 (𝑡) = 𝑋𝐴1 (𝑡). 𝑋𝐴2 (𝑡)
=

𝐴2 1
( sin 2(𝑤𝑡
2 2
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Finally, after summing Eqs. (18) and (19), the
output of the phase detector will be:
𝜙=

4𝜋𝑑
𝑠𝑖𝑛 𝜃
𝜆

(20)

Comparing Eq. (20) with Eq. (1), it can be observed
obviously that the phase difference is increased and
this increment improves DOA estimation.

4. Application of the phase difference
increment to ESPRIT algorithm
The phase difference is increased by processing
the incoming data using the ESPRIT algorithm to
estimate the DOA as shown in Fig.4(a). The
proposed model showed in Fig.4(b), is based on
preprocessing the incoming data before its
processing by ESPRIT.
Input data
from the array
output

Input data
from the array
output

pre-processing

manipulation
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4:
5:
6:
7:
8:
9
10
11
12

Obtain the signal subspace by using Singular
Value Decomposition (SVD) of Rxx.
Partition Ez into Ex & Ey
Compute the eigenvalue of Ez.
Sort eigenvalue and associated eigenvector of E.
Partition E in to (d×d) sub matrices.
Compute Ψ=-E12 E22-1.
Compute eigenvalue and eigenvector of Ψ which
is equal to the diagonal of Φ.
Estimate DOA from Φ according to Eq. (20).
End

5. Performance evaluation and discussion
The performance of the proposed modifiedESPRIT algorithm is studied deeply, and its
behaviour for the different affecting parameters is
compared. The comparison is achieved with EVM
[32], MUSIC method [33], ESPRIT method [6] and
PCA, which consider as subspace-based methods
[34]. The comparisons determine how accurate can
these methods estimate the DOA, and to which
extent the two sources close to each other with a
possible resolution. The test based on 300 different
independent trials with sinusoids sources in additive
white gaussian noise used. The sources frequencies
are 0.25fs and 0.3fs.
5.1 Effect of snapshots

Processing Using
ESPRIT

DOA
)
𝒄 × 𝐚𝐫𝐠(𝝓
 = 𝐬𝐢𝐧−𝟏 ቊ
𝜽
ቋ
𝒅 ×𝒘

Processing
Using ESPRIT

DOA
)
𝒄 × 𝐚𝐫𝐠(𝝓
 = 𝐬𝐢𝐧−𝟏 ቊ
𝜽
ቋ
𝟐×𝒅×𝒘

Fig. 6 shows the number of snapshots versus the
RMSE of DOA estimation in degree for EVM,
MUSIC, ESPRIT, PCA and proposed modifiedESPRIT. The simulation test is achieved for two
sources at 5 and 10 degrees, and the snapshots up to
500 snapshots. The modified ESPRIT has better
performance than others since it possesses a lower
mean square error. The most interesting observation
here is that the proposed modified ESPRIT is

(a)
(b)
Figure. 4 Data processing model of: (a) classical ESPRIT
and (b) proposed model

The algorithm of the proposed model is arranged
as follows:
Algorithm 1: Modified-ESPRIT algorithm
Input = Sources: frequency, amplitude, and angle.
Sensors: number of sensors, the distance between
sensors. SNR, number of snapshots and sources.
Output = Direction of arrival estimation.
1: Generate random signal of source signals and
compute the covariance
2: Compute the Eigenvalues and the Eigenvectors,
then sort them in descending order to estimate
signal subspace and noise subspace.
3: Reconstruct the matrix Rxx.

Figure. 6 RMS error vs. the number of snapshots for
different DOA methods
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Table 1. Comparison results of the modified-ESPRIT and
different methods in terms of the number of snapshots.
Root Mean Square Error (deg.)
×10-2
More
Algorithm
Less than Between 5 than 200
5
200
to
500
snapshots snapshots
snapshots
EVM [28]
9.0
7.5
6.0
MUSIC [30]
8.5
7.0
5.3
ESPRIT [6]
7.1
4.6
3.0
PCA [23]
6.1
3.5
2.0
Modified1.2
0.7
0.4
ESPRIT

capable of estimating the DOA and resolving the
two sources when the number of snapshots is very
short with a very low standard deviation of fewer
than 0.02 degrees, while for the other algorithms,
the standard deviation is very large.
The modified-ESPRIT can detect and resolve
two sources with an enhancement of 83.09% over
traditional ESPRIT. Here, the RMSE is 0.012o when
the number of snapshots is very short and equal to
0.007o for snapshots between 5 to 200, while any of
the aforementioned algorithms failed to resolve
these two sources correctly, as shown in Table 1.
5.2 Effect of source separation
When two sources are sufficiently apart, any
estimator is capable of correctly estimating the DOA.
However, there is a separate limit for any estimator
to be able to resolve these two sources properly and
beyond this limit, no resolution can be achieved.
Fig.7. shows the estimation of DOA using EVM,
MUSIC, ESPRIT, PCA and proposed modifiedESPRIT. When the source separation is 50 degree
all estimators have good resolution and can estimate
the DOA correctly. But then when the source
separation reduced to 10 degrees, ESPRIT resolved
the two sources but with a considerable value of
estimation bias, while the modified-ESPRIT has no
estimation bias. As the source separation reduced to
0.25o degree ESPRIT and the others are failed to
estimate DOA of the two sources accurately
although the source separation is within the
resolution limit. Hence, the advantage of modifiedESPRIT over classical ESPRIT and other estimators
is very clear here. Fig.7 demonstrates that the
modified-ESPRIT possesses a minimum standard
deviation which means the improvement achieved is
very important.
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Figure. 7 RMS error vs. source separation for different
DOA methods
Table 2. Comparison results of the modified-ESPRIT and
different methods in terms of angular resolution
Root Mean Square Error (deg.)
×10-2
Algorithm

EVM [28]
MUSIC[30]
ESPRIT[6]
PCA [23]
ModifiedESPRIT

Less than
10

Between
10 − 4 0

More
than 40
up to 80

17.3
1.38
0.64
6.20

1.66
0.21
0.11
0.72

0.82
0.06
0.03
0.29

0.03

0.05

0.02

Table 2 demonstrates the capability of the
modified-ESPRIT algorithm to achieve resolution
enhancement of 54.4% over traditional ESPRIT
when the source separation between 1o – 4o among
all the previous approaches.
5.3 Effect of SNR variations
The effect of SNR variation on proposed
modified-ESPRIT and EVM, MUSIC, ESPRIT,
PCA is studied and the result obtained is illustrated
in Fig. 8. It can be shown that even at high SNR (20
dB), EVM, MUSIC, ESPRIT, and PCA have RMSE
greater than the modified ESPRIT, but when SNR
decreased, all estimators exhibits the large value of
standard deviation while the modified-ESPRIT has
the lower value.
The proposed modified-ESPRIT algorithm
achieves enhancement in DOA over traditional
ESPRIT by 77.8% when SNR between 0-10 dB.
That means the modified-ESPRIT can estimate
DOA with lower RMSE than others at the same
SNR as shown in Table 3.
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Table 4. Comparison results of the modified-ESPRIT and
different methods in terms of the number of sensors
Root Mean Square Error (deg.)
More than
Algorithm Less than Between 4 12 to 24
4 sensors
12 sensors
sensors
EVM [28]
1.36
0.34
0.18
MUSIC
1.16
0.22
0.13
[30]
ESPRIT [6] 1.05
0.16
0.09
PCA [23]
1.24
0.28
0.16
Modified0.22
0.10
0.07
ESPRIT

5.4 Effect of number of sensors

Figure. 8 RMS error vs. SNR for different DOA methods
Table 3. Comparison results of the proposed modifiedESPRIT and different methods in terms of SNR
Root Mean Square Error (deg.) ×10-1
Less
Between 0 Algorithm
Between 10 than 0
10
20 (dB)
(dB)
(dB)
EVM [28] 1.85
0.92
0.79
MUSIC
1.61
0.65
0.49
[30]
ESPRIT
1.17
0.22
0.09
[6]
PCA [23]
0.91
0.10
0.03
Modified0.63
0.04
0.02
ESPRIT

Figure. 9 RMS error vs. source number of sensors for
different DOA methods

From Fig. 9, it is seen that for the number of
sensor M=24; the proposed modified-ESPRIT
algorithm can estimate DOA with the lowest MSER
as compared to the other estimators. As the number
of sensors decreased to two, the RMSE increased for
all algorithms except the modified ESPRIT still
there are lower values of standard deviation.
For the sake of clarity, the RMSE of the
proposed modified-ESPRIT, EVM, MUSIC,
ESPRIT and PCA algorithms are listed in Table 4,
where the number of sensors is varied up to 24
elements, it is clear that an enhancement of 79.04%
is achieved when four or fewer elements are used.

6. Conclusion
Estimation of DOA for the propagated signals
represents a vital task in large numbers of
engineering applications. In this paper, different
algorithms of high-resolution signal processing for
DOA estimation are examined. ESPRIT is one of
these algorithms which have superior resolution
properties over the other methods (EVM, MUSIC,
and PCA). However, the estimation bias at short
separation distances can be considered the main
challenge of the ESPRIT algorithm. Hence, a
modified-ESPRIT algorithm is proposed and tested
The performance evaluation reveals that the
proposed modified-ESPRIT algorithm has the best
resolution capability than PCA, EVM, MUSIC and
the traditional ESPRIT algorithm particularly at low
SNR values, small number of snapshots, small
number of sensors and very close sources. The
proposed modified-ESPRIT
can resolve two
sources with an enhancement of 83.09% over
traditional ESPRIT when the number of snapshots is
very short, while an enhancement of 54.4% is
achieved when source separation between (1 to 4)
degrees and 77.8% achieved when SNR between 0-

International Journal of Intelligent Engineering and Systems, Vol.13, No.4, 2020

DOI: 10.22266/ijies2020.0831.31

Received: April 28, 2020.

Revised: May 19, 2020.

10 dB and of 79.04% when four or fewer elements
are used.
Some thoughts can be investigated for further
future work such as, extending the study of the
behaviour of these algorithms under colored noise,
and considering more study on the case where the
sources are partially or fully correlated to reach a
further understanding of algorithms performance
and limitations.
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