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Abstract: The 5G approximately provides 1000x higher mobile data traffic and 10 to 100x numbers of connected
devices than the 4G. The 5G is becoming a reality after deploying it by some of the main cities in the world. Millimeterwave (mm-wave) communications play a crucial role in the 5G networks owing to its enormous available bandwidth.
The hybrid beamforming (HBF) presents better multiplexing gains than analog beamforming. It is a trade-off between
cost and performance. As a result, the HBF is a promising approach that exploits the small digital beamforming and
the high analog beamforming to meet these challenges. This study proposes and simulates a limited feedback hybrid
beamforming for outdoor environments, including the analog precoding/combining based on a quantization codebook
and the digital precoding based on Lagrangian optimization with the mathematical model in detail compared with other
algorithms in the literature. It achieves an increase in the spectral efficiency satisfied, such as at 20dB SNR, it is
approximately 11.75 bps/Hz while the other solutions are 11.18, 11.4, and 11.8 bps/Hz. Also, it presents work well in
all possible and satisfies the quality of the results for all cases, such as increasing the number of users, number of
multi-path, the SNR, and the BS antennas. Also, it offers the BER approximately 10-4 at 10.3 SNR, better than other
solutions.
Keywords: Massive MIMO, Millimeter-wave, Hybrid beamforming, Lagrangian optimization.

1. Introduction
Communication network generations have
emerged approximately every ten years due to the
rapid growth of mobile and wireless networks since
1980 [1]. With each generation, some techniques and
new features support a world of mobile and wireless
networks. The 5th generation (5G) trend is a Wireless
World Wide Web (WWWW) [2]. The 5G provides
1000x higher mobile data traffic and 10 to 100x
numbers of connected devices than the 4G [3]. The
5G is becoming a reality after deploying it by some
of the main cities in the world. Millimeter-wave
(mm-wave) communications play a crucial role in the
5G networks owing to its enormous available
bandwidth [4]. Recent studies have confirmed a need
for a fundamental change in the system architecture
and radio technology to fulfill 5G goals [5, 6]. The
three aspects can enhance the throughput according
to the Shannon-Hartley Theorem: 1) The use of an

extra spectrum leads to an increase in the data
capacity. 2) The increase in the number of antennas
at both sides adds spatial links between a transmitter
(Tx) and receiver (Rx) [7]. 3) Cell splitting can
enhance data capacity and coverage areas.
The wavelength of mm-wave bands is very small,
resulting in a propagation loss compared to the
microwave bands. However, the Massive MIMO
makes mm-wave bands suitable by deploying more
antennas in a small physical area to achieve high-gain
antennas [8-12].
Beamforming adjusts a radiation pattern for the
base station (BS) to add signals in desired directions
and null in other directions. Therefore, the narrow
and directional beams play a prominent role in
eliminating interference and focusing antenna energy
in the desired direction. The change of phase or
amplitude requires manipulating different signals
from different antennas to achieve that. Beamforming
architecture can be classified into three main
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categories: analog, digital, and hybrid beamforming
[13].
The analog beamforming (ABF) is an energyefficient solution based on inexpensive phase shifters,
facilitating beam steering. However, it is limited to
one data stream, leading to performance limitations
in a multi-user scenario. Digital beamforming (DBF)
adjusts both the magnitude and phase for each
antenna element to provide the highest flexibility
according to the beamforming concept. The ideal of
the DBF achieves a full spatial multiplexing gain. In
more detail, the DBF works at sub-6 GHz systems
that require a dedicated RF chain equipped with a
single antenna resulting in more cost and
consumption of energy. It is because that the DBF is
unpractical in Massive MIMO scenarios [11] and
[14-15]. The hybrid beamforming (HBF) presents
better multiplexing gains than analog beamforming.
It is a trade-off between cost and performance. As a
result, the HBF is a promising approach that exploits
the small digital beamforming and the high analog
beamforming to meet these challenges [16-22].

2. Literature survey
Existing research efforts have continued to
deploy new algorithms or improve existing ones for
achieving the 5G goals. A body of research has
focused extensively on hybrid beamforming and
heterogeneous networks (HetNets). Here, we
examine some of the related research on these
subjects. The authors in [23] presented a Kalman
algorithm and compared it with a minimum mean
square error algorithm (MMSE) and a zero-forcing
(ZF) algorithm. The results showed that the Kalman
algorithm outperformed other algorithms. However,
the authors did not explain the algorithm in detail and
did not indicate the method in an analog stage. In
other words, this algorithm consists of two stages, in
which the Kalman algorithm is only represented a
digital stage. Finally, there is no mathematical model.
In [24], the authors evaluated the three algorithms:
the Kalman algorithm, the MMSE algorithm, and the
ZF algorithm. The results showed that the Kalman
algorithm is better than other algorithms. However,
some mathematical equations are showing suddenly
without any relation sequence already. Finally, the
Kalman algorithm is used as the digital stage and a
codebook as the analog stage. The authors in [25]
presented the ZF algorithm as the digital stage and
then compared it with full digital precoding. However,
the ZF algorithm lacks the work in a multi-user
environment. In [26], the author proposed the MMSE
algorithm as the digital stage, compared it with the
ZF algorithm, and presented a codebook as the analog
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stage. However, the authors did not indicate the
method used in obtaining the codebook. The authors
in [27] proposed the MMSE algorithm based on a
manifold optimization for a single-user environment.
This method is considered a non-linear solution with
computational complexity in addition to impractical
for the multi-user environment.
This study aims to integrate key enabler
technologies of the 5G such as mm-wave, Massive
MIMO, and small-cells. After that, we propose
solutions for the issues and challenges of this
integration. As a result, a packet of advantages is
obtained, including an increased network throughput
and system capacity. Simultaneously, it enhances
spectral and energy efficiency. This study develops a
new hybrid beamforming algorithm for outdoor
environments, working in the 5G networks to achieve
the desired goals. The contribution of this study is to
design and simulate a limited feedback hybrid
beamforming for outdoor environments, including
the analog precoding and combining based on a
quantization codebook and the digital precoding
based on Lagrangian optimization with the
mathematical model in detail compared with other
algorithms in the literature. The proposed HBF
achieves the increase in the spectral efficiency
satisfied and works well in all possible and satisfies
the quality of the results, such as the increase in the
number of users, number of multi-path, the SNR, and
the BS antennas. The proposed HBF offers the bit
error rate better than other solutions.
The remainder of the paper is organized as
follows: Section 2 surveys related research articles,
section 3 describes the system model and analyses
problem formulation, and section 4 discusses the
simulation results. Finally, the conclusion is reported
in section 5.
Notations: This paper considers A and a as a
matrix and a vector. On the other hand, AH, A-1,
AT,|A|, and ||A||F represent the Hermitian, inverse,
transpose, determinant, and Frobenius norm of a
matrix, respectively. ℂ is the field of complex
numbers. Finally, I and [.] denote the identity matrix
and the expectation operator.

3. System model
On the DL transmission, the micro-cell (MC) is
given in Fig. 1, in which multi-users Massive MIMO
systems incorporate with the mm-Wave channel
based on Proposed Hybrid Beamforming algorithm I
(Proposed HBF I). The microcell BS mounts with
many antennas (NBS) that links to RF chains (NRF).
The microcell BS uses a fully connected architecture
in which the dedicated RF serves all antennas.
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𝑁𝑐𝑙
𝑟𝑎𝑦
𝑀𝑆
∑𝑟=1
𝐻 = √ 𝑁𝐵𝑆𝑁 𝑀𝑆 ∑𝑐=1
𝑢𝑐𝑟 𝑢𝑀𝑆 (∅𝑀𝑆
𝑐𝑟 , 𝜃𝑐𝑟 )
𝑐𝑙 𝑟𝑎𝑦

𝐵𝑆
𝑢𝐵𝑆 (∅𝐵𝑆
𝑐𝑟 , 𝜃𝑐𝑟 )

(4)

In (4), NBS and NMS is the number of antennas
at BS, and each MS, uMS (ϕMS,ɵMS) and uBS
(ϕBS,ɵBS) indicate to array response vectors
(steering vectors) for transmitting and receiving side
whereas (ϕBS,ɵBS)and (ϕMS,ɵMS), represent
azimuth and elevation angles of departure and arrival
(AOA, AOD), respectively, and ucr is the complex
gain of Nray rays and Ncl clusters for kth MSs. The
array response vectors for uniform planar array
(UPA) is given by:
Figure. 1 Proposed hybrid beamforming model

𝐵𝑆
𝑢𝐵𝑆 (∅𝐵𝑆
𝑐𝑟 , 𝜃𝑐𝑟 ) =

The data streams (NS) map on all antennas to serve K
MSs simultaneously. On the other hand, the mobile
station (MS) equips with many antennas (NMS) and a
single RF chain to receive the NS at the receive side.
To simplify the problem, we assume that (K = NRF).
It focuses on the FDD implementation, in which the
BS relies on the feedback from users to obtain the
precoding details. Here, the microcell BS is operated
at 28 GHz.
The BS consists of two stages: a low dimensional
digital (baseband) precoding (FBB ∊ ℂ NRF Ns) and high
dimensional analog beamforming (FRF ∊ ℂ NBS NRF).
The baseband precoding is applied to the transmitted
symbols vector (s ∊ ℂ Ns) as a first stage, and then the
analog precoding processes signals as a second stage.
Hence, the sampled transmitted signal can be
expressed as:
𝑥 = 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠

(1)

On the MS side, the received signal between the
BS and kth MSs can be written as:
𝑦𝑘 = 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠 + 𝑛𝑘

(2)

In Eq. (2), the received signal can be restated to
distinguish the desired signal and the interference as:
𝑦𝑘 = ⏟
𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵𝑘 𝑠𝑘 +
𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑠𝑖𝑔𝑛𝑎𝑙

∑𝐾
𝑗≠𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵𝑗 𝑠𝑗
⏟
𝐼𝑛𝑡𝑒𝑟𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑖𝑔𝑛𝑎𝑙

1

[1, … , 𝑒

√𝑁𝐵𝑆

𝑒

−𝑖

−𝑖

2𝜋
𝐵𝑆 ))
𝑑((1−𝑁𝐵𝑆−𝑤 ) 𝑐𝑜𝑠(𝜃𝑐𝑟
𝜆

2𝜋
𝐵𝑆
𝑑((1−𝑁𝐵𝑆−ℎ ) 𝑠𝑖𝑛(∅𝐵𝑆
𝑐𝑟 ) 𝑠𝑖𝑛(𝜃𝑐𝑟 ))
𝜆

(5)

𝑀𝑆
𝑢𝑀𝑆 (∅𝑀𝑆
𝑐𝑟 , 𝜃𝑐𝑟 ) =
1
√𝑁𝑀𝑆

e

[1, … , 𝑒

−𝑖

2𝜋
𝑀𝑆 ))
𝑑((1−𝑁𝑀𝑆−𝑤 ) 𝑐𝑜𝑠(𝜃𝑐𝑟
𝜆

2π
MS
d((1−NMS−h ) sin(∅MS
cr ) sin(θcr ))
λ

−i

]

(6)

Where NBS-h, NBS-w, NMS-h, and NMS-w are numbers
of uniform planer array (UPA) antennas indexes
(height and width) for transmitter and receiver, λ is
the wavelength and the antenna spacing, which is
usually scaled by wavelength (d= λ/2).
After that, an analog combining (Wk ∊ ℂ NMS K) is
applied to the received signal. Thus, the estimated
signal can be expressed as:
𝑥̂𝑘 = 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠 + 𝑊𝑘𝐻 𝑛𝑘

(7)

In Eq. (7), the received signal can be rewritten to
identify the desired signal and the interference as:
𝑥̂𝑘 = ⏟
𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵𝑘 𝑠𝑘 +
𝐷𝑒𝑠𝑖𝑟𝑒𝑑 𝑠𝑖𝑔𝑛𝑎𝑙
𝐻
𝐻
∑𝐾
⏟𝑘 𝑛𝑘
𝑗≠𝑘 𝑊𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵𝑗 𝑠𝑗 + 𝑊
⏟
𝐼𝑛𝑡𝑒𝑟𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑠𝑖𝑔𝑛𝑎𝑙

+𝑛
⏟𝑘

]

(8)

𝑁𝑜𝑖𝑠𝑒

(3)

𝑁𝑜𝑖𝑠𝑒

Where nk∊ ℂK is the Gaussian noise vector and
(Hk ∊ ℂ NMS NBS) is the channel between the BS and the
kth MSs can be written as:

The sum achievable rate of the system related to
kth MSs can be calculated based on the Shannon
Theorem, as written:
2

R k = ∑K
k=1 log 2 [1 +
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2

𝐻
2
| ∑𝐾
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Where σ2k and |sk|2 are the average noise power
and the average total signal power.

= 𝑡𝑟(𝛪𝑁𝑠 − 2𝑅𝑒(𝛪𝑁𝑠 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ) +
𝐻
𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝛪𝑁𝑠 𝐻𝑘𝐻 𝐹𝑅𝐹 𝐻 𝐹𝑅𝐹
𝑊𝑘 +
2
𝜎 𝛪

3.1 Problem Formulation of Hybrid Beamforming

2

The goal is to minimize the error between the
training signal and the estimated signal in Eq. (7).
Therefore, we propose the hybrid precoding to
achieve it. The optimization problem can be written
as:
⏟
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒
𝔼[‖𝑠 − 𝑥̂‖22 ]

= ‖𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ‖𝐹 +
𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

Also, Eq. (13) can be converted to obtain a
complete formulation as:

(10)

𝐹𝑅𝐹 ,𝐹𝐵𝐵 ,𝑊

Subject to

FRF ∊ {f1, f2… fZ}

(11)

Wk ∊ {w1, w2… wZ}

(12)

‖𝑥‖22 ≤ 𝑃𝑡 = 𝑡𝑟(𝑥𝑥 𝐻 )
𝐻 𝐻
= 𝑡𝑟(𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠𝑠 𝐻 𝐹𝐵𝐵
𝐹𝑅𝐹 )
𝐻 𝐻
= 𝑡𝑟(𝐹𝑅𝐹 𝐹𝐵𝐵 𝐹𝐵𝐵
𝐹𝑅𝐹 )
= ‖𝐹𝑅𝐹 𝐹𝐵𝐵 ‖22 ≤ 𝑃𝑡
Hence, Eq. (10) can be reformulated as:

‖𝑥‖22 ≤ 𝑃𝑡

(13)
2

⏟
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒
‖𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ‖𝐹
The constraints in Eqs. (11) and (12) refer to look
for the analog precoding and combining in codebooks.
At the same time, Eq. (13) indicates the total
transmitted power constraint.
Here, the error in Eq. (10) can be converted
according to the analog precoding/combining and
digital precoding as shown (see Appendix 1):

(14)

𝐹𝑅𝐹 ,𝐹𝐵𝐵 ,𝑊𝑘

Subject to

𝔼[‖𝑠 − 𝑥̂‖22 ] = 𝔼 [‖𝑠 − (𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠 +

FRF ∊ {f1, f2… fZ}

(15)

Wk ∊ {w1, w2… wZ}

(16)

‖𝐹𝑅𝐹 𝐹𝐵𝐵 ‖22 ≤ 𝑃𝑡

(17)

2

𝑊𝑘𝐻 𝑛)‖2 ]
= 𝔼 [𝑡𝑟 ((𝑠 − 𝑊𝐻
𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠 +
𝐻
𝑊𝐻
𝑘 𝑛)) (𝑠 − 𝑊𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠 +
𝐻

𝑊𝐻
𝑘 𝑛)) )]
𝐻 𝐻
= 𝔼[𝑡𝑟(𝑠𝑠 𝐻 − 𝑠𝑠 𝐻 𝑊𝑘 𝐻𝑘𝐻 𝐹𝑅𝐹
𝐹𝐵𝐵 −
𝐻
𝑠𝑛 𝑊𝑘 +
𝐻 𝐻
𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠𝑠 𝐻 𝐻𝑘𝐻 𝐹𝑅𝐹
𝐹𝐵𝐵 𝑊𝑘 −
𝐻
𝐻
𝑊𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠𝑠 +
𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑠𝑛𝐻 𝑊𝑘 − 𝑊𝑘𝐻 𝑛𝑠 𝐻 +
𝐻 𝐻
𝑊𝑘𝐻 𝑛𝑠 𝐻 𝐻𝑘𝐻 𝐹𝑅𝐹
𝐹𝐵𝐵 𝑊𝑘 +
𝐻
𝐻
𝑊𝑘 𝑛𝑛 𝑊𝑘 )]
= 𝑡𝑟((𝔼[𝑠𝑠𝐻]) −

2𝑅𝑒 (𝔼[𝑠𝑠𝐻 ]𝑊𝐻
𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ) +
𝐻 𝐻 𝐻 𝐻
𝑊𝐻
𝑘 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝔼[𝑠𝑠 ]𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 𝑊𝑘 +
𝜎2 𝛪)

It is clear that Eq. (14) replaces data estimation
and transmission. However, it depends on FBB and the
effective channel (array gain) that is a concatenation
of the channel and the analog precoding/combining at
the two sides. It is worth noting that each effective
channel vector with the (Kx1) dimension is smaller
than the original channel. It can be written as:
𝐻𝑒𝑓𝑓 = 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹

(18)

The problem in Eq. (14) is a non-convex.
Therefore, it is not easy to solve without
decomposing into two sub-problems. The nonconvex problem requires designing the digital
precoding with the analog beamforming/combining
jointly for the optimal system performance. But, the
training and feedback overhead are considered,
making the optimization problem unpractical and
impossible to solve a global optimal. Therefore, we
present a two-stage multi-user hybrid precoding.
The central idea of this algorithm is to decompose
the beamforming into two stages, each with separate
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constraints and domains to be a simple and lowcomplexity algorithm. Hence, it can be explained as
follows.
In the first stage, the goal is a joint design of the
analog precoding FRF and the analog combining Wk to
maximize the desired signal power. However, it
neglects the interference between the different users.
In practical systems, it is considered that the
channel knowledge may not be perfectly available.
Thus, in the simulation of this system, the authors
will consider a quantization of the RF precoding. The
detailed quantization process is explained as follows:
𝜃 𝐵𝑆 = [0,

𝜋

2

𝐵𝑅𝐹 ,

2𝜋
3𝜋
(2𝐵𝑅𝐹 −1)𝜋
,
,
…
…
,
𝐵
𝐵
2 𝑅𝐹 2 𝑅𝐹
2𝐵𝑅𝐹

] (19)

The maximum array gain (effective channel) is
the basis of selecting the pair of the precoding and
combining vectors, meaning that the precoding and
combining design depends on the effective channel
instead of the estimated channel. Finally, this stage
does not take into consideration eliminating the
interference effect between the users. In the second
stage, the effective channel includes information
about the design of the receive combiner criteria. To
achieve limited feedback for the multi-user MIMO
systems, each user feeds back the effective channel
and the analog precoding /combining index in the
codebook to the base station. Finally, the BS exploits
the effective channel to design baseband precoding to
cancel the interference. Eq. (14) can be rewritten as:
2

⏟
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒
‖𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ‖𝐹

(20)

𝐹𝑅𝐹 ,𝐹𝐵𝐵 ,𝑊𝑘

ℒ(𝐹𝐵𝐵 , 𝛽) = 𝑡𝑟((Ι𝑁𝑠 − 𝑊 𝐻 𝐻𝐹𝑅𝐹 𝐹𝐵𝐵 )(Ι𝑁𝑠 −
𝑊 𝐻 𝐻𝐹𝑅𝐹 𝐹𝐵𝐵 )𝐻 ) +
𝐻 𝐻
𝛽(𝑡𝑟(𝐹𝑅𝐹 𝐹𝐵𝐵 𝐹𝑅𝐹
𝐹𝐵𝐵 ) − 𝑃𝑡 )

(23)

After that, Eq. (23) has deviated to FBB, and then
it sets 0 to attain the closed-form solution.
𝐹𝐵𝐵 = (𝑊 𝐻 𝐻𝐹𝑅𝐹 𝐹𝑅𝐹 𝐻 𝐻 𝐻 𝑊 +
𝜎2
𝐻
𝐹 𝐹 𝐻 )−1 𝐻𝐻 𝐹𝑅𝐹
𝑊
𝑃𝑡 𝑅𝐹 𝑅𝐹

𝐹𝐵𝐵 = (𝐻𝑒𝑓𝑓𝐻𝑒𝑓𝑓 𝐻 +

𝜎2
𝐹 𝐹 𝐻 )−1 𝐻𝑒𝑓𝑓 𝐻
𝑃𝑡 𝑅𝐹 𝑅𝐹

(24)

(25)

Fig. 2 summarizes the flowchart followed in the
proposed hybrid beamforming.

4. Simulation results and discussions
The simulation and analysis take multiple
aspects: the BS antennas, the MS antennas, signal-tonoise ratio (SNR), number of users, multi-path
channels, and the quantization impact. Our work
compares with solutions in [24-26], in addition to the
fully digital beamforming, the analog beamforming,
and the single-user without interference based on the
average achievable rates (bits/s/Hertz) and bit error
rate (BER) for all user. The results are more than
1000 random channel implementations on average.
In Fig. 3, the values are plotted as a function of
the SNR and average achievable rates in multi-path
scenarios. The simulation parameters are five multipath channels, four users, 256 BS antennas, and four
MS antennas. The results show that the proposed

Subject to
‖𝐹𝑅𝐹 𝐹𝐵𝐵 ‖22 ≤ 𝑃𝑡

(21)

The above equation is a convex problem.
However, the total power of the transmitted signal is
only considered as a constraint. Therefore, a
Lagrangian function is used to attain the best solution.
Eq. (14) can be rewritten as:
2

‖𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 ‖𝐹
= 𝑡𝑟((𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 )
(𝛪𝑁𝑠 − 𝑊𝑘𝐻 𝐻𝑘 𝐹𝑅𝐹 𝐹𝐵𝐵 )𝐻 )

(22)

Here, the Lagrangian function is applied, as
shown
Figure. 2 Flowchart of the proposed HBF I
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Figure. 5 Spectral efficiency against the BS antennas
Figure. 3 Spectral efficiency against SNR

HBF I outperforms [24-26]. Also, it achieves spectral
efficiency satisfied, such as at (20dB) SNR, it is
approximately (11.75 bps/Hz) while the [24] is
(11.18 bps/Hz), the [25] is (11.4 bps/Hz), and the [26]
is (11.8 bps/Hz). However, the analog beamforming,
the single-user scenario, and the fully-digital
beamforming are (5.37 bps/Hz), (14 bps/Hz), and
(13.27 bps/Hz).
Fig. 4 illustrates the spectral efficiency against the
number of users in the multi-path scenario. It
considers the same configuration used in the above
figure but sets SNR 10 dB and MS antennas 16. As
observed from the figure, the number of users

Figure. 4 Spectral efficiency against the number of users

increases resulted in a decrease in the spectral
efficiency.
In Fig. 5, the spectral efficiency is compared with the
BS antennas. It considers the same configuration
used in the above figure but sets users four and MS
antennas four. The increase in the number of antennas
plays a crucial role in obtaining higher spectral
efﬁciency.
Fig. 6 compares the spectral efﬁciency with
multi-path channels, in which 64 BS antennas, ten
SNR, four users, and four MS antennas are simulation
parameters. In the multi-path scenario, the proposed
HBF I illustrates the best performance than other
solutions.

Figure. 6 Spectral efficiency against the number of multipath
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Figure. 7 BER evaluation for the proposed HBF I and
competitors

Fig. 7 illustrates the BER performance based on a
QPSK modulation, in which four users, 64 BS
antennas, and four MS antennas are parameters. It
compares the proposed HBF I with other solutions,
and the results show that the proposed HBF I is the
better one.
It is noted that there are serval points from these
results. First, the proposed HBF I provides a
significant performance compared to other solutions.
The quality of the results is satisfactory for all of the
cases. Overall we see the method proposed here
easily outperforms the other methods and achieves
the increase in the spectral efficiency, as shown in Fig.
3, such as at 20dB SNR, it is approximately 11.75
bps/Hz while the [24] is 11.18 bps/Hz, the [26] is 11.4
bps/Hz, and the [25] is 11.8 bps/Hz. However, the
analog beamforming, the single-user scenario, and
the fully-digital beamforming are 5.37 bps/Hz, 14
bps/Hz, and 13.27 bps/Hz. Therefore, the result
confirms that the proposed HBF I can achieve
satisfied array gain that leads to the successes of this
work compared with other methods, especially at
large SNR and the digital stage of the proposed
method is effective. The fully digital beamforming
achieves the best value of 13.27 bps/Hz since it
requires the dedicated RF equips with the single
antenna that leads to more cost and consumption of
energy. It is because that the DBF is unpractical.
On the contrary, the analog beamforming method
achieves the smallest value, 5.37 bps/Hz, because it
is the energy-efficient solution that uses inexpensive
phase shifters facilitating beam steering. However, it
is limited to one data stream, leading to severe
performance limitations in the multi-user scenario.
Thus, it is not easy to cancel interfering signals.
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As observed from Fig. 4, when the number of
users increases, the spectral efficiency decreases in
the Orthogonal Multiple Access (OMA). However,
the decrease rate of the proposed HBF I is acceptable
values compared with the other methods. It is due to
that the digital stage of the proposed method can
effectively adjust the precoding baseband matrix to
eliminate the interference between users.
The increase in the number of antennas leads to
higher spectral efﬁciency. However, the spectral
efficiency of the proposed HBF I and the fully digital
precoding have a smaller gap than other solutions and
approximately stays a constant with various BS
antennas, meaning that our solution can exploit the
number of antennas correctly to increase antenna
gains, as shown in Fig. 5.
The proposed solution illustrates the best
performance in the multi-path scenario than other
solutions, but the ZF beamforming shows the worst
performance because it fails in the multi-path
environment. It is noted that all hybrid algorithms
show similar performance when a single-path
scenario. At the same time, there is an increase in
multi-path; the proposed solution is better in facing
the multi-path since the digital stage of the proposed
solution can eliminate interferences between signals
while it is worth noting that other solutions fall with
increasing multi-path and the gap between curves, as
shown in Fig. 6.
In Fig. 7, our method outperforms the alternatives
in terms of BER performance. The ZF algorithm
achieves a poor performance because it fails in the
multi-user environment. As indicated previously,
linear detectors achieve near-optimal, but our
solution also achieves good BER performance.
Finally, the proposed technique is better than
existing techniques because the digital stage of the
proposed method can effectively adjust the precoding
baseband matrix to eliminate the interference
between users and multi-path. Also, our solution can
exploit the number of antennas correctly to increase
antenna gains based on the quantized codebook. The
proposed technique also achieves better BER
performance than other solutions because it depends
on the proposed error formulation to improve its
performance.

5. Conclusions
This work studies and discusses the existing
algorithms in the literature related to our algorithm
with a significant analysis based on performance
evaluations. After that, it develops a new hybrid
beamforming algorithm for outdoor environments,
working in the 5G networks to achieve the desired
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goals. It achieves an increase in the spectral
efficiency satisfied, such as at 20dB SNR, it is
approximately 11.75 bps/Hz while the other solutions
are 11.18, 11.4, and 11.8 bps/Hz. Also, it presents
work well in all possible, such as increasing the
number of users, the number of multi-path, the SNR,
and the BS antennas. Also, it offers the BER
approximately 10-4 at 10.3 SNR, better than other
solutions.
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4. 𝑥 + 𝑥 𝐻 = 2 𝑅𝑒(𝑥)
5. ‖𝑥 − 𝑦‖2𝐹 = 𝑡𝑟(x − 𝑦)(x − 𝑦)𝐻

Appendix 1: Matrix Properties
According to [28]
1. 𝔼[𝑠𝑠 𝐻 ] = 𝛪𝑁𝑠
2. 𝔼[𝑛𝑠 𝐻 ] = 𝔼[𝑠𝑛𝐻 ] = 0
3. ‖𝑥‖22 = 𝑡𝑟(𝑥𝑥𝐻 )
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