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Abstract: Coprime array configurations have occupied a significant concentration due to its properties like 

simplicity and ability to detect a higher number of targets with respect to the number of elements in an antenna array. 

Nevertheless, the constructed array still has some empty positions (holes) that need to be filled to enhance the 

degrees of freedom (DOFs). Motion array can successfully address this issue, fill some holes and expand the number 

of the lags by shifting the distance of the elements in the coprime array half the wavelength, thus it can detect a great 

amount of sources compared to a fixed array. In this paper, a new synthetic array aperture named “Enhanced 

Unfolded Coprime Array” (EUFCA) formed on the moving platform concept is proposed to address the problem of 

the empty positions and provide a central consecutive lag by generating a hole-free virtual array. The proposed array 

configuration enhances unfolded coprime array (UFCA) by changing the position of some physical elements. Formal 

expression of the uniform degrees of freedom (uDOF) and the unique lags of the synthetic array are derived. 

Simulation results present the achievable large number of uDOF that enhance the DOA estimation process by detects 

more source signals compared with other array structure designs. For 18 elements in EUCFA, with different (M,N) 

pair such as (5,9) and (6,7), the number of achievable uDOFs for moved array is 215 and 213 respectively comparing 

to fixed array that generate 58 and 54 uDoFs respectively. The ratio between the contiguous lags before and after 

movement is 3.71 and 3.94 for the aforementioned pairs respectively which indicate the ration of maximum number 

of extra contiguous lags obtained for EUFCA. 

Keywords: Antenna array, Coprime array, Degree of freedom, Direction of arrival, Synthetic array. 

 

 

1. Introduction 

Direction of arrival (DOA) estimation is a vital 

research area in applications such as wireless 

communication, sonar, marina communications, and 

radar that produce a highly resolved spatial 

spectrum exploiting a uniform linear array (ULA) [1, 

2]. Recently, sparse arrays have been exploited to 

perform DOA estimation since it can find more 

sources using a small number of physical elements. 

Sparse arrays, such as minimum redundant arrays 

(MRAs) [3] and minimum hole arrays (MHAs) [4] 

have been suggested to address the hole problem in 

the difference array, but they lack formal expression 

for the array design. Nested array [5] and coprime 

array [6] are the most popular arrays structure that 

make use of pairs of ULAs consists of (𝑁, 𝑀) pair 

of elements can generate up to 𝑂(𝑀𝑁) uncorrelated 

sources using 𝑀 + 𝑁 − 1 elements [7]. These sparse 

arrays structures can provide a large virtual array 

constructed from the difference co-array (DCA) of 

the two ULAs elements to enhance the DOA 

estimation. In passive sensing, the spatial correlation 

matrix depends on the measured data of the 

consecutive lags resulted from the DCA. Some 

elements may be missed (hole) in the DCA, while 

other elements may have frequently computed 

depending on the location of the elements in the two 

ULAs [8]. 

Recently, various coprime array configurations 

are proposed to overcome the holes problem, 

increment the number of consecutive lags, minimize 

the lags redundancy, provide a hole-free difference 

array, and enhance the DOA estimation accuracy[9]. 

For example, generalized coprime array (GCA) [10, 

11] that modified the spacing between the elements 

by compressing one subarray and provide a proper 
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displacement to the other one to enhance the DOFs. 

Shifted coprime array (SCA) [12, 13] that displaced 

one of the two subarrays, to fill the holes and 

generate more consecutive lags. Thinned coprime 

array (TCA) [14] reduced the lag frequency in the 

DCA using an identical number of physical 

elements. Unfolded coprime array (UFCA) [15] was 

presented to get higher DOFs with larger virtual 

aperture size by setting the two subarrays at the 

positive and negative sides of the x-axis. All these 

arrays structures are based on a fixed array platform 

concept. 

These array structures can be performed on a 

moving platform as in navigation, vehicle attached, 

and ship-based. The Synthetic array (SA) mounted 

on moving platform provides another form to extend 

the synthetic aperture size and improve the spatial 

resolution. SA uses the temporal signal coherence 

period (TCP) to span the array aperture [16-18]. The 

authors in [19] assumed that the TCP is N/2 half the 

wavelength to provide a hole-free virtual array, 

which is unexpected for the source to stay constant 

for a long time specially for larger antenna aperture. 

In an environment with slow changing, the sensing 

environment such as source locations, angular 

steering, and source temporal composition can be 

considered unchanged within little noticeable time. 

[20].  

The moved array can overcome the empty 

positions and provide distinct lags based on the 

actual element positions that sufficiently enhanced 

the DOFs and increase the central lags segment. The 

difference synthetic array is considered as the DCA 

of the actual array and the moved array with lag 

being shifted half the wavelength of the received 

sources to solve the holing issue in the DCA and 

increase the consecutive lags and also the unique 

lags [21, 22]. In fact, only the lags that are adjacent 

to the holes are helpful to fill the empty positions in 

the SA since the shifting of lags that create 

previously presented lags does not increase the 

number of DOFs. Authors in [23] proposed a 

moving array that can be applied to the coprime 

array and sparse uniform linear array (SULA), 

where data can be gathered at different array 

locations by shifting the array left and right, which 

give the chance to span the virtual array with more 

uniform central lags and more unique lags. In [21], 

the authors extended the two subarrays inter-element 

spacing to fill some holes and lengthened the 

number of DOFs. In [24], the authors proposed an 

improved unfolded coprime array (IUFCA) expose 

to movement to extend the number of uDOF. In [25], 

the authors proposed an array configuration of 

compressing elements distance to triple of one 

subarray, while extending the other one to obtain a 

completely fill array. The need for a fill free moved 

array with high number of DOFs still the main issue 

for applications such as ship-based platform since 

the signals with high frequency is exposed to highly 

absorption loss in underwater scenarios.  

The objective of this paper is to enhance the 

number of uniform DOF and generate a fill unfolded 

coprime array configuration for moving platform by 

relocating some elements positions of the physical 

array and adjusting the inter-elements spacing to span 

and filled the virtual array. The array structure design 

is referred to as “Enhanced Unfolded Coprime Array” 

(EUFCA). The formal expressions for the uDOF and 

unique lags are derived. Thus, when the number of 

uDOF is increased the DOA estimation performance is 

enhanced effectively by detecting more source signals. 

The paper is set such that: Section 2 

demonstrates the data model performing on the 

moved array and the DCA of the synthetic array. 

Section 3 detailed the proposed EUFCA array 

structure along with formal expressions of uDOF. 

Section 4 presents the DOA estimation of moved 

array and computational complexity. Section 5 

shows the lags generation comparisons and 

simulation results. Finally, the conclusion is given in 

Section 6. 

Notations: we use upper-case (lower-case) bold 

characters to represent matrices (vectors). [·]𝑇 , [·]∗ 

and [·]𝐻  stand for transpose, the conjugate and 

conjugate transpose of a vector or matrix 

respectively. 𝑑𝑖𝑎𝑔(. )  and 𝑣𝑒𝑐(·) mean a diagonal 

matrix and the vectorization operator. 𝐸{·} 

represents the expectation operator. IK indicates the 

identity matrix with size 𝐾 × 𝐾 . ⊗ stands for the 

kronecker product. ⌊. ⌋ denotes the floor function. 

2. Problem statement 

2.1 Data model for coprime array 

An augmented coprime array (ACA) consists of 

two ULAs: 𝑁  and 2𝑀  elements with 𝑀𝑑  and 𝑁𝑑 

inter-elements distance respectively that is located in 

collinear as displayed in Fig. 1(a). The entire real 

elements in the ACA are  𝐾 = 𝑁 + 2𝑀 − 1  since 

the reference element at zero position is shared by 

the two subarrays. The elements position of the 

actual array (ℙ𝑜𝑟𝑔) can be denoted as: 

 

ℙ𝑜𝑟𝑔 = {𝔞𝑀𝑑|𝔞 = 0,1, … , (𝑁 − 1)} ∪ 

{𝔟𝑁𝑑|𝔟 = 0,1, … , (2𝑀 − 1)}      (1) 
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Figure. 1 Array configuration for: (a) original ACA,  

(b) moved ACA, (c) original UFCA, and (d) moved 

UFCA 

 

 

where 𝑑 is the spacing between elements and its half 

the wavelength ( 𝜆/2) . For a moving array at a 

constant velocity 𝑣 , as shown in Fig. 1(b), the 

synthetic array (ℙ𝑠𝑦𝑛𝑡ℎ) is formed from the actual 

(ℙ𝑜𝑟𝑔)and moved array (ℙ𝑚𝑜𝑣) can be expressed 

as.: 
 

ℙ𝑚𝑜𝑣 = {𝔞𝑀𝑑 + 1|𝔞 = 0,1, … , (𝑁 − 1)} ∪ 

{𝔟𝑁𝑑 + 1|𝔟 = 0,1, … , (2𝑀 − 1)}    (2) 

 

ℙ𝑠𝑦𝑛𝑡ℎ = ℙ𝑜𝑟𝑔  ∪ ℙ𝑚𝑜𝑣                (3) 

 

Suppose there is 𝑄 far field narrowband 

uncorrelated sources from directions {𝜃1, 𝜃2, … , 𝜃𝑞} 

are impinging in an antenna array of 𝐾 elements, the 

received signals 𝑿(𝑡) at time 𝑡 can be expressed as: 

 

   𝑿(𝑡) = ∑ 𝒂(𝜃𝑞)𝑒
(

−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛𝜃𝑞

𝜆
)
𝑠𝑞(𝑡) + 𝒏(𝑡)

𝑄
𝑞=1  

= 𝑨𝒔(𝑡) + 𝒏(𝑡)                        (4) 

 

where 𝑨 = [𝒂(𝜃1), 𝒂(𝜃2), , … , 𝒂(𝜃𝑄)] and  𝒂(𝜃𝑞) =

[1,  𝑒−𝑗2𝜋𝑑𝑠𝑖𝑛(𝜃𝑞)/𝜆, . . , 𝑒−𝑗2𝜋(𝐾−1)𝑑𝑠𝑖𝑛(𝜃𝑞)/𝜆 ]𝑇 , is 

the K × Q directional matrix, 𝒔(𝑡) =  [𝑠1(𝑡) 

𝑒−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛 𝜃𝑞/𝜆 , … , 𝑠𝑄(𝑡)𝑒−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛 𝜃𝑞/𝜆]𝑇  is the 

𝑄 × 1  source signal vector, and 𝒏(𝑡) = [𝑛1(𝑡),
… , 𝑛𝐾(𝑡)]𝑇  is the 𝐾 × 1  noise vector which is an 

additive Gaussian white noise with variance 𝜎𝑛
2 that 

is uniformly distributed. At time 𝑡 + 𝜏, the received 

signal is expressed as: 

 

𝑿(𝑡 + 𝜏) = 

∑ 𝒂(𝜃𝑞)𝑒
(−

𝑗2𝜋𝜈𝑡𝑠𝑖𝑛𝜃𝑞

𝜆
)

𝑒
(−

𝑗2𝜋𝜈𝜏 𝑠𝑖𝑛 𝜃𝑞

𝜆
)

𝑠𝑞(𝑡 + 𝜏) +
𝑄
𝑞=1

𝒏(𝑡 + 𝜏)  

= 𝑩𝒔(𝑡 + 𝜏) + 𝒏(𝑡 + 𝜏)                (5) 

 

Where 𝑩 = [𝒃(𝜃1), 𝒃(𝜃2), … 𝒃(𝜃𝑄)]  is the 

𝐾 × 𝑄  array direction matrix, 𝒃(𝜃𝑞) =

[𝑒−𝑗2𝜋𝑣𝑡𝑠𝑖𝑛(𝜃𝑞), 

 𝑒−𝑗2𝜋(𝑣𝑡+𝑑2)𝑠𝑖𝑛(𝜃𝑞), … , 𝑒−𝑗2𝜋(𝑣𝑡+𝑑𝑘)𝑠𝑖𝑛(𝜃𝑞) ]𝑇 . 

Since the array moved half the wavelength  𝑣𝑡 =
𝑑 = 𝜆/2, then 

 

𝒃(𝜃𝑞) = [ 𝑒𝑗2𝜋𝑑𝑠𝑖𝑛(𝜃𝑞)/𝜆, . . . , 𝑒𝑗2𝜋(𝑑+𝑑𝑘)𝑠𝑖𝑛(𝜃𝑞)/𝜆 ]𝑇  

(6) 

and 

 

𝒔(𝑡 + 𝜏) = [𝑠1(𝑡 + 𝜏)𝑒−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛 𝜃𝑞/𝜆, 𝑠2(𝑡 + 𝜏) 

𝑒−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛 𝜃2/𝜆, … , 𝑠𝑞(𝑡 + 𝜏)𝑒−𝑗2𝜋𝜈𝑡𝑠𝑖𝑛 𝜃𝑞/𝜆]𝑇 (7) 

 

For a narrowband signal with carrier frequency 

(𝑓), 𝑠𝑞(𝑡 + 𝜏) = 𝑠𝑞(𝑡)𝑒𝑗2𝜋𝑓𝜏. Then Eq. (5) can be 

rewritten as: 

 

𝑿(𝑡 + 𝜏) = 𝑒𝑗2𝜋𝑓𝜏𝑩𝒔(𝑡) + 𝒏(𝑡 + 𝜏)          (8) 

 

Using the phase correcting factor (𝑒𝑗2𝜋𝑓𝜏) , a 

phase synchronized observed signal is determined as 

follows [19]: 

 

�̃�(𝑡 + 𝜏) = 𝑿(𝑡 + 𝜏)𝑒−𝑗2𝜋𝑓𝜏 = 𝑩𝒔(𝑡) + �̃�(𝑡 + 𝜏) 

(9) 

where �̃�(𝑡 + 𝜏) = 𝑒𝑗2𝜋𝑓𝜏𝒏(𝑡 + 𝜏) . By combining 

Eqs. (4) and (9), the received signal of the synthetic 

arrays is denoted as: 

 

𝒛(𝑡) = [
𝑿(𝑡)

�̃�(𝑡 + 𝜏)
] = 𝑨𝑠𝑦𝑛𝑡ℎ𝒔(𝑡) + [

𝒏(𝑡)
�̃�(𝑡 + 𝜏)

] (10) 

 

where 𝑨𝑠𝑦𝑛𝑡ℎ = [𝑨𝑇 , 𝑩𝑇]𝑇, is the steering matrix of 

the synthetic array.  

2.2 Synthetic difference co-array 

Unfolded coprime array (UFCA) have two 

subarrays with 𝑁 and 2𝑀 elements with 𝑀𝑑 and 𝑁𝑑 

spacing between the inter-elements successively as 

displayed in Fig. 1(c). 𝑁, 𝑀 are integers, 𝑁 > 𝑀 and 

the 𝐺𝐶𝐷(𝑁, 𝑀) = 1 . The N-subarray is set at the 

positive side of the x-axis within range{0: 𝑀: (𝑁 −
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Physical array 

Actual DCA 

Synthetic DCA 

1)𝑀𝑑}, while the M-subarray is set at the negative 

side of the x-axis within range −{0: 𝑁: (2𝑀 −
1)𝑁𝑑} . The two subarrays are arranged in a 

collinear manner. The physical elements positions 

before motion can be denoted as: 

 

ℙ𝑈𝐹𝐶𝐴 = {𝔞𝑀𝑑|𝔞 = 0,1, … , (𝑁 − 1)} ∪ 

{−𝔟𝑁𝑑|𝔟 = 0,1, … , (2𝑀 − 1)}     (11) 

 

After moving a half of the wavelength, the two 

subarrays positioned can be given as: 

 

ℙ𝑈𝐹𝐶𝐴−𝑚𝑜𝑣𝑒𝑑 = {𝔞𝑀𝑑 + 𝑑|𝔞 = 0,1, … , (𝑁 − 1)} ∪ 

{−𝔟𝑁𝑑 + 𝑑|𝔟 = 0,1, … , (2𝑀 − 1)}   (12) 

 

The synthetic array is formed from the actual 

and shifted arrays, so the DCA is constructed from 

the cross-differences of all the lags in the actual and 

shifted arrays since the self-difference lags are part 

of the cross-difference. So the cross difference can 

be expressed as: 

 

𝔻 = 𝔻12 ∪ 𝔻13 ∪ 𝔻14 ∪ 𝔻23 ∪ 𝔻24 ∪ 𝔻34   (13) 

 

where the subscripts 1 and 2 points refer to the two 

actual subarrays, and the subscripts 3 and 4 points 

refer to the two shifted subarrays. 𝔻12 is the cross-

difference of the lags between the two subarrays 

(1,2) of the actual array, 𝔻13  and 𝔻14  refer to the 

cross-difference of the lags between the actual 

subarray 1 and the shifted subarray 3 and 4 

respectively. 𝔻23  and 𝔻24  refer to the cross-

difference between the actual subarray 2 and the 

shifted subarray 3 and 4 respectively, and  𝔻34  is 

the cross-difference of the lags between the subarray 

3 and the subarray 4 of the shifted array which is 

obtained as follows:  

 

𝔻12 = {𝑀𝑎1 − 𝑁𝑎2} ∪ {𝑁𝑎2 − 𝑀𝑎1}         (14) 

 

𝔻13 = {𝑀𝑎1 − 𝑁𝑎3 − 1} ∪ {𝑁𝑎3 − 𝑀𝑎1 + 1} (15) 

 

𝔻14 = {𝑀𝑎1 − 𝑁𝑎4 − 1} ∪ {𝑁𝑎4 − 𝑀𝑎1 + 1} (16) 

 

𝔻23 = {𝑁𝑎2 − 𝑀𝑎3 − 1} ∪ {𝑀𝑎3 − 𝑁𝑎2 + 1} (17) 

 

𝔻24 = {𝑁𝑎2 − 𝑀𝑎4 − 1} ∪ {𝑀𝑎4 − 𝑀𝑎2 + 1} (18) 

 

𝔻34 = {𝑀𝑎3 − 𝑁𝑎4} ∪ {𝑁𝑎4 − 𝑀𝑎3}         (19) 

 

Where 0 ≤ 𝑎1, 𝑎3 ≤ 𝑁 − 1,0 ≤ 𝑎2, 𝑎4 ≤ 2𝑀 −
1, it is verified in [23] and [20] that 𝔻12 = 𝔻12 ∪
𝔻34, and  𝔻14 ∪ 𝔻23 = 𝔻13 ∪ 𝔻24 ∪ 𝔻14 ∪ 𝔻23 , 

so the synthetic array can be rewritten as: 

 

𝔻synth = 𝔻12 ∪ 𝔻14 ∪ 𝔻23               (20) 

 

𝔻14 and 𝔻23  might be considered as the DCA 

of the actual array being shifted by 𝜆/2𝑑 once to the 

left and once to the right which can demonstrate the 

increasing of the lags as the array moved. 

For an example of moved array, Fig. 2(a) shows 

UFCA with 𝑀 = 3, and 𝑁 = 5. The actual DCA can 

generate a consecutive lags within the range 

{±8, ±9, … , ±29} and the number of uDOF is 22. 

The holes are located at the central of the actual 

DCA in the set {±1, ±2, ±4, ±7} . After array 

moving within (𝜆/2)𝑑, all the holes are filled since 

the synthetic DCA can fill two adjacent holes by the 

shifting the lag to the right and to the left. 

Fig. 2(b) displays UFCA with 𝑀 = 4, and 𝑁 =
5. The actual DCA can generate a consecutive lags 

within the range {±12, ±13, … , ±39}  and the 

number of uDOF is 28. The holes are located at the 

 

 

 
(a) 

 
(b) 

Figure. 2 The actual and synthetic DCA of unfolded coprime array configuration when  

(a) M = 3, N = 5 and (b) M = 4, N = 5 

Physical array 

Actual DCA 

Synthetic DCA 
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central of the actual DCA in the set {±1, ±2, ±3, ±4 
±7, ±8, ±11}. After array moving, not all the holes 

are filled in the synthetic DCA, there is still a hole at 

the center of the synthetic DCA, due to that the 

synthetic DCA is able to fill two neighbor holes 

only, when the number of consecutive holes more 

than two, the holes can’t be filled. 

3. Proposed moving platform array 

As mentioned in the previous section, motion 

array can fill the central hole when 𝑀 ≤ 3, but when 

𝑀 ≥ 4, and 𝑁 = 𝛾𝑀 − 1, 𝛾 ≥ 3, still there is empty 

positions at the center of the synthetic DCA which 

impact the resolution of DOA estimation process. 

The proposed EUFCA moved array structure design 

can be developed considering the UFCA by 

reallocating the last elements positions of M-

subarray. We suggest two designs for two different 

situations to get a full filled DCA synthetic array 

according to the (M, N) pair value. 

Case1: By modified the positions of 𝑀𝑡 =
⌊𝑀/2⌋ − 1  physical elements of M-subarray and 

appended them to N-subarray at positions (𝑁 −
1)𝑀 + 3𝑎0, 𝑎0 ∈ [1, ⌊𝑀/2⌋ − 1], as shown in Fig. 

3(a). The elements positions in this case can be 

donated as: 

 

ℙ𝐸𝑈𝐹𝐶𝐴−1 = {𝔞𝑀𝑑|𝔞 = 0,1, … , (𝑁 − 1)} ∪ 
{−𝔟𝑁𝑑|𝔟 = 0,1, … , (2𝑀 − 𝑀𝑡 − 1)} ∪ 

{(𝑁 − 1)𝑀 + 3𝑎0, 𝑎0| = 1, . . , 𝑀𝑡}        (21) 

 
All the holes at the center of the DCA synthetic 

array are filled with lags expansion which provides a 

hole free virtual array.  This situation is suitable 

only when 𝑁 = 𝑀 + 1, and 𝑀 ≥ 4. The number of 

uDOF generated can expressed as follows: 

 
Figure. 3 proposed EUFCA configuration 

 

𝑢𝐷𝑂𝐹𝐸𝑈𝐹𝐶𝐴−1 =  3𝑀𝑁 + ⌊
𝑀

2
⌋ (3 − 𝑁) − 𝑀 − 1  

(22) 

 

Here the number of uDOF is the same as the 

number of unique lags and the virtual array aperture 

size since it’s a hole free array. 

Case 2: for  𝑀 ≥ 4 , with different pairs of 

(𝑀, 𝑁), 𝑀𝑡 = 𝑀 − 1 physical elements positions of 

M-subarray are reallocated and appended to the N-

subarray at positions 9 + (𝑁 − 1)𝑀 + 3𝑎0, 𝑎0 ∈
[1, 𝑀 − 1] as shown in Fig. 3(b), The elements 

positions in this case can be donated as:  

 

ℙ𝐸𝑈𝐹𝐶𝐴−2 = {𝔞𝑀𝑑|𝔞 = 0, 1, … , (𝑁 − 1)} ∪ 
{−𝔟𝑁𝑑|𝔟 = 0, 1, … , (2𝑀 − 𝑀𝑡 − 1)} 

∪ {9 + (𝑁 − 1)𝑀 + 3𝑎0, 𝑎0| = 1, . . , 𝑀𝑡}  (23) 

 

The DCA of synthetic array has a full array with 

no empty positions so we get a high central 

consecutive lag with larger aperture size. In this case 

the number of uDOF generated can expressed as 

follows: 

 

𝑢𝐷𝑂𝐹𝐸𝑈𝐹𝐶𝐴−2 = 2𝑀𝑁 + 2𝑀 + 8           (24) 

 

For example, Fig. 4 shows the two proposed 

EUFCA with 𝑀 = 5, 𝑁 = 6, and 𝑁 = 𝑀 + 1, where  

 
 

 
(a) 

 
(b) 

Figure. 4 EUFCA configuration when M=5, N=6 (a) the first case design and (b) the second case design 

MdNd
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9
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0            1              2                   N-1

0             1              2                        N-1
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Physical array 

Actual DCA 

Synthetic DCA 



Received:  January 4, 2022.     Revised: February 17, 2022.                                                                                             537 

International Journal of Intelligent Engineering and Systems, Vol.15, No.2, 2022           DOI: 10.22266/ijies2022.0430.47 

 

Fig. 4(a) and (b) are for using the first case and 

the second case respectively. The figure shows the 

physical element position, the DCA of the actual 

array before motion, and the DCA of the synthetic 

array after shifting the actual array. In the two cases, 

the EUFCA configuration array can create a hole 

free array by filling all the holes in the synthetic 

array and increase the number of the central lags to 

153 and 155 for the two cases respectively. We have 

noticed that when M≥ 8, the first case can generate 

more consecutive lags than the first case.  

Another example for the proposed EUFCA array 

configuration when 𝑁 = 2𝑀 − 1 , and 𝑀 = 4, 𝑁 =
7 is shown in Fig. 5 for both first and second cases 

design. The figure shows the physical element 

position, and the DCA of the actual and synthetic 

arrays. 

In the first cases, the EUFCA configuration 

array can have a hole in the DCA of the synthetic 

array with 127 consecutive lags, while in the second 

case; we get a full filled DCA with 143 consecutive 

lags. The second case can perform better for 

different values of (M, N) pairs. 

4. DOA estimation using SS-MUSIC 

4.1 DOA estimation 

For DOA estimation, the spatial co-array 

MUSIC is performed on the consecutive lags of the 

EUFCA after vectorizing the correlation matrix of 

z(t)  [26]. From Eq. (8), the correlation matrix is 

expressed as: 

 

𝑅 = 𝐸{𝑧(𝑡)𝑧𝐻(𝑡)} = 𝐴𝑠𝑦𝑛𝑡ℎ𝑅𝑠𝐴𝑠𝑦𝑛𝑡ℎ
𝐻 + 𝜎𝑛

2𝐼  (25) 

 

Where 𝑅𝑠 = 𝐸{𝑠(𝑡)𝑠𝐻(𝑡) = 𝑑𝑖𝑎𝑔(𝜎1, 𝜎2, … , 𝜎𝑄) 

is the source signal correlation matrix, σn
2  is the 

noise variance and I is the identity matrix. 

Vectorizing R, the following is obtained: 

 

𝑦 = 𝑣𝑒𝑐(𝑅) = �̃�𝑃 + 𝜎𝑛
2𝑖                (26) 

 

Where �̃� = [�̃�(𝜃1), �̃�(𝜃2), … �̃�(𝜃𝑄)] , �̃�(𝜃𝑞) =

𝑎𝑠
∗(𝜃𝑞) ⊗ 𝑎𝑠(𝜃𝑞)  is the data matrix of the DCA 

that have only the consecutive lags after removing 

the repeated lags. 𝑃 is the source signals. ⊗ is the 

Kronecker product. Then the correlation matrix for 

the consecutive lags is determined as follows: 

 

𝑅𝑅 = 𝐸{𝑦 (𝑡)𝑦𝐻(𝑡)}                  (27) 

 

Then, the MUSIC method is performed to 

estimate the uncorrelated signals with high 

resolution.  

4.2 Computational complexity 

The computational complexity derived from the 

computations of the correlation matrix and the 

reconstruction of the virtual array. For coaary-

MUSIC, the complexity is 𝑂{(𝐽𝐾2) + 2𝑈3 +
𝑡𝑠(2𝑈(𝑈 − 𝑄) + 𝑈)} , where 𝐽  represents the 

number of the snapshots, 𝐾  is the number of the 

physical elements in an antenna array, 𝑈  is the 

number of the consecutive elements in the virtual 

array and 𝑡𝑠  is the search time. Fig.6 shows the 

comparative computational complexity of the 

original and synthetic array for UFCA [15], IUFCA 

[24] and EUFCA using different number of physical 

elements (12, 14, 18). It can be shown that the 

proposed synthetic EUCFA has the highest  

 

 

 
(a) 

 
(b) 

Figure. 5 EUFCA configuration when M = 4, N = 7 (a) the first case design and (b) the second case 
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Table. 1 comparison for various array types before and after motion considering the uDOF and NCLR 

 
 

 

Figure. 6 Computational complexity comparison 

 

 

computational complexity compared to the other 

synthetic arrays since it has the highest number of 

the uDOF and the computational complexity is 

increased relative to the number of physical number 

of elements.  

5. Simulation result 

The performance of EUFCA array design is 

evaluated considering the number of the lags being 

created and the spectrum estimation before and after 

array motion with other array types such ACA [6], 

moved ACA [20], UFCA [15], and IUFCA [24].  

5.1 Lag generation comparison of different array 

types before and after array motion 

Lag generation of various array types are 

compared according to the length of the uDOF that 

established from the DCA and the ratio of the 

number of consecutive lags (NCLR) before and after 

array motion.  The comparison is performed using 

the same number of elements in each array design.  

Table 1 shows different (𝑀, 𝑁)  pairs that are 

compared different array types such as ACA [6], 

UFCA [15], IUFCA [24] and the proposed array 

configuration (EUFCA) before and after array 

motion. It can be shown that UFCA array has the 

less number of uDOF before and after array motion, 

that means the less of the number DOFs that can 

resolved. It is obvious that the proposed array 

EUFCA can perform better after array motion, since 

it can generate the largest number of uDOF than 

other array types.  

5.2 Spectrum estimation for different array types 

before and after array motion 

The spectrum estimation of UFCA [15], IUFCA 

[24] and EUFCA arrays before and after array 

motion are presented in this subsection using 

different values of Q according the number of uDOF 

that these arrays can resolved. The same number of 

the elements are set to all the above arrays, where 

𝑀 = 4, 𝑁 = 5 . The sources directions are within 

range [-70:70], signal to noise ratio (SNR=0dB) and 

snapshots (T=1000). Fig. 7 shows the spectrum 
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estimation before array motion, for Fig. 7 (a) UFCA, 

(b) IUFCA and (c) EUFCA-case 1, the number of 

sources is set to 11 source since these arrays can 

resolve 11 sources due to the number of uDOFs that 

they can generate. While in Fig. 6 (d) EUFCA-case2 

the number of sources is set to 6 sources, due to the 

number of uDOFs which is 7. It can be shown that 

all the sources can be resolved accurately since they  

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure. 7 Spectrum estimation before array motion: (a) UFCA, (b)IUFCA, (c)EUFCA-case1, and (d) EUFCA case2 with 

𝑀 = 4, 𝑁 = 5, Q=11, Snapshots=1000; SNR=0dB 
 

Figure. 8 Spectrum estimation after array motion: (a) 𝑀 = 4, 𝑁 = 5, 𝑄 = 35 for the first case design and  

(b) 𝑀 = 4, 𝑁 = 7, 𝑄 = 55 for the second case design 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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are less than the number of uDOFs. Fig. 8 shows the 

spectrum estimation after array motion for (a)UFCA, 

(b)IUFCA, (c) EUFCA-case1 and (d)EUFCA-case2. 

The number of sources in Fig. 8(a) is set to 17, 

while in Fig. 8(b) is set to 35 due to the number of 

uDOFs in these array structure which is 24 and 44 

respectively while the number of sources is 40 for 

both EUFCA cases. It can be noticed that all the 

sources have been correctly estimated for all the 

scenarios but the proposed EUCA can estimated 

more sources than other arrays due to the large 

number of the uDOFs that can generate.  

5.3 RMSE performance 

RMSE is a metric used to evaluate the DOA 

estimation. The RMSE is defined as follows: 

 

𝑅𝑀𝑆𝐸 = √1/𝑄𝑀𝑐 ∑ ∑ (𝜃𝑞 −𝑄
𝑞=1 𝜃𝑞,𝑐)2𝑀𝑐

𝑐=1      (28) 

 

 

 
(a) 

 
(b) 

Figure. 9 RMSE performance of EUFCA with other array 

designs: (a) with respect to SNR variation and (b) with 

respect to different number of snapshots 

where 𝜃𝑞 is the true DOA of qth signals, 𝜃𝑞,𝑐 is the 

estimated DOA of cth trail, and Mc  is the total 

number of the trials. Fig. 9 shows the RMSE against 

SNR and the number of snapshots for different array 

types. For the two scenarios, the total number of 

elements is 12, the sources are 13. In Fig. 9(a), SNR 

varies from -10dB to 15dB, and the number of 

snapshots is set to 500. The synthetic EUFCA for 

the two cases have the same performance, and better 

than other arrays types at low SNR. This is because 

the two cases can generate approximately the same 

length of the consecutive lags and larger than other 

arrays. Fig. 9(b) shows the RMSE against the 

number of snapshots, where the snapshots range is 

from 20 to 500, SNR is 10dB. Again, the EUFCA 

for the two cases has the same performance for the 

same reason of the above; the synthetic EUFCA has 

better performance than other array types. 

6. Conclusion 

In an environment such as the ship-based with 

slow motion, the source location can be supposed to 

be fixed for a small time. Using a sparse array in the 

receiver with a small motion, the original position 

and shifted position of the elements in the array can 

provide a large number of DOFs than being in one 

fixed position. In this paper, EUFCA is suggested to 

tackle the leakages of the central consecutive lags in 

the difference co-array. By relocating the position of 

the physical elements in the actual array and 

perform an array motion half the wavelength, we 

address this leakage by filling the holes and enlarge 

the uDOF. Hence the DOA estimation process is 

enhanced since more sources can be resolved.  
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